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Abstract. We give a new method to prove a formula computing a variant of Caldararu's Mukai pairing 
[Call] . Our method is based on some important results in the area of deformation quantization. In particular, 
part of the work of Kashiwara and Schapira in |KS) as well as an algebraic index theorem of Bressler, Nest 
and Tsygan in BNT , BNT1| and |BNT2| are used. It is hoped that our method is useful for generalization 
to settings involving certain singular varieties. 

1. Introduction. 



OO , Let X denote a smooth proper complex variety (we remind the reader that X has the Zariski topology). 
■^We denote the corresponding (compact) complex manifold by X an . In [Call] , A. Caldararu defined a Mukai 
i — pairing (— , —)m on HH.(A"), the Hochschild homology of X. On the other hand, one has the Hochschild- 
O&ostant-Rosenberg (HKR) isomorphism I HKR : HH.(X) e^H^'pf, Q x ). It was implicitly proven in 
[Marl] (and explicitly so in [Rami] following |Marlj ) that 

43 : 



(a,b) M = / I H K R (b) A J(I H K R (a)) Atd(T x ) 
Jx 

Swhere J is the involution multiplying an element of H 2 ~*(A", $l x ) °y ( — This result has recently been of 
interest: applications of this and related results appear, for instance, in [HMS ,[MaS] and [Ram4] . A closely 
unrelated pairing was (—,—)shk was constructed in [Ram3| following D. Shkyarov in [Shkl]. It turns out 
^that the latter pairing is directly related to a natural definition of Fourier-Mukai transforms in Hochschild 
homology (see |Shkl| and |Ram3j). This definition of Fourier-Mukai transforms in Hochschild homology is 
("^equivalent to an earlier, but less direct definition in [Call] (also see Section 4.3 of |KS| ). A careful comparison 
^"^between this pairing and Caldararu' Mukai pairing was performed in [Ram3] to show that 

q Theorem 1. 



( 



1) (a,b) Sh k= / Ihkr{o) Al HK R{b) Atd{T x ). 

Jx 



In these notes, we provide a different proof of this result based on the work of Kashiwara-Schapira [KS] 
^and an algebraic index theorem of Bressler, Nest and Tsygan in |BNT| . [BNT1| and [BNT2] (the latter being 
jfja, very important result in the general area of deformation quantization). Unlike the earlier approach from 
jMarlj . [Rami | and [Ram3j (also see |Ram5j for further details), this approach requires that we work over 
C. However, it gives a clear connection (hitherto missing) between the computation of a "Mukai pairing" 
and a large body of work in deformation quantization, algebraic index theorems and related topics. We 
also point out that essentially the same result has been proven in [Griv] using what we use from |KS] 
and a deformation to the normal cone argument. While the (interesting) approach in |Griv| is far more 
concise than the one via [Marl], [Rami] and [R am3| . the argument there is geometric and not intrinsic to 
X. Readers with some background in deformation quantization and algebraic index theory would also find 
the approach in this note far more concise than the earlier one (that in [Marl] . |Raml| and [Ram3] ) . while 
remaining algebraic and intrinsic to X in nature. Further, unlike the earlier approach, this method is likely 
to lend itself to generalization to more general settings involving certain singular varieties. We also remark 
that as far as (the above cited as well as other) recent applications are concerned, a formula for (— , —)shk 
is as useful/suitable as one for (— , —)m- 
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2. Preliminaries. 



Let ujx '■= Let A:I->IxI denote the diagonal embedding. Recall from |KSj that one has 

the following commutative diagram in the bounded derived category D b (Ox) of coherent sheaves on X. 



A*A*O x ► A ! A*wx 

td 



Ihkr 



Ihkr 



x [i] > ®itt x [i] 



Let D denote the map on hypercohomology induced by td : A*A*0x — > A*A*ujx- Let IhkrJhkr and 
r continue to denote the maps induced on hypercohomology by IhkrJhkr and r respectively. Applying 
hypercohomologies, one obtains the following commutative diagram. 



(2) 



Ihkr 



HKR 



)0—{x,a x ) > eiH*—(x,n 



X> 



The map Ihkr has been constructed in |KSj . Section 5.4 1 . M. Kashiwara and P.Schapira show us in [KSJ 2 
that 

Proposition 1. Theorem Q] is equivalent to the assertion that the map r in ([2]) is the wedge product with 
Td(TX). 

Proof. Let X, Y be smooth projective varieties over C. Recall that any <I> 6 T> b oh (X x 1") gives an integral 
transform &^ al : HH.(X) — > HH.(Y) (see Section 4.3 of |Call| ). On hypercohomologies, Corollary 4.2.2 of 
|KSj yields a pairing 

(-, -) KS ■ HH.(X) ® HH.(X) -> C. 

We remark that HH.(X) is also the hypercohomology of the complex of Hochschild chains of 0° x , which 
is equal to HH,(X) since 0° x = Ox- In particular, we are not making this identification via the duality 
map described at the end of Section 4.1 of [KS| . Lemma 4.3.4 of [KS] then tells us that after identifying 
HH,(X x Y) with HH,{Y) ® HH.(X), 3 

(3) $™ l (a) = (Ch(<f>),a) KS . 

Let $ = O/^ (A here denoting the diagonal in X x X). In this case, = id (see Section 5 of [CaIT] b 
Then, by Theorem 5 of [Ram3| 4 . Ch($) = e\ ® fi where the and fj are homogenous bases of HH.(X) 
such that (fj,ei)shk = On the other hand, equation ([3]) applied to a = ei tells us that (fj,ei)KS = 
thus showing that (— , —)ks = {—■, —)shk- Finally, the end of Section 5.4 of [KS] shows us that 



(a,b) K s= / Ihkr{o) /\r(I HKR (b)). 
Jx 



□ 



We therefore, need to show that r = (— ATd(TX)). In our method, the following proposition from [KSJ, 
Chapter 5 is the first step in this direction. 

Proposition 2. (i) A*A*Ox is a ring object in D b (Ox), and A ! A^ux is a left module object over A*A*Ox 
mB b (O x ). 

(ii) Further, td is a morphism of left A*A*Ox modules in D b (Ox)- ■ 



similar map has been constructed in Section 1 of |Raml] . 



2 We remark that all constructions/results in Chapter 5 of |KS| . which are done in the setting of complex manifolds, work in 
the algebraic setting that we are working in. 

3 X x Y is viewed asVxI while making this identification. 

4 Note that we are not using any part of |Ram3] that depends on the Mukai pairing formula computed in [Marl) and [Rami] . 
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Proof. The ring structure of A*A*O x in D b (O x ) is given by the composite map 

A*A*O x A*A*O x = A*(A*O x ®^ XxX A*O x ) ^> A*A*O x 

where fj, is induced by the product map A 1f O x ®o XxX A*O x . 

The module structure of A^A^uix over A* A*O x is realized via the composite map 

A*A,O x ^b x A-A^ujx = A\A,Ox ®h xxX A *"x) ^ A ] A^ X . 

Here, v is the composite map 

A*O x ®o XxX A *^x = A,(A*A,O x ®o x ux) -> A*w x 

the last arrow being induced by the adjunction A*A*O x — > O x . 
The morphism td was constructed in |KS| as follows. 

A*A*0 x ^ Ox ®fc x A*A*0 x * A 1 (Ox Mux) A*A*O x = A l ((O x K^x) ®fc XxX A*0 X ) 

A ! ((Ox^wx) ®o XxX A,Ox) = A ! A* Wx 

That td is a morphism of left A*A*0x- m °dules is more or less a direct consequence of the fact that <8>0 
is associative. □ 

Corollary 1. For all a G ©iff -- r(o) = q A r(l). 

Proof. The ring structure of A*A*Ox induces a product • on H _, (X, A*A*C'x)- By Proposition [21 

D(o«6) =a«D(6) 

for all a, 6 G W—(X,A*A*O x ). It follows from Lemma 5.4.7 of [KS] that for all a,b G H~' (X, A*A*0x), 

Ihkr{Ihkr{o) A /3) = a • Ihkr(P) 

The desired corollary now follows from the fact that Ihkr and Ihkr are isomorphisms. □ 

Recall that for any E G D b (O x ), one has the Chern character ch(E) G M°(X, A*A*O x ). By Theorem 
4.5 of [Cal2], Ihkr( c ^(E)) is the Chern character of E in the classical sense. The Euler class eu(E) is 

defined as the element Ihkr (D(ch((£ 1 ))) of ffijff(X, £l x ). Note r(l) = eu(Ox)- In order to compute the 
(— , —}shk, we therefore, need to show that 

eu(Ox) = Td(T x ). 

Before we proceed, let us make a clarification. Recall that A*A*Ox is represented in the derived category 
D~ (O x ) of bounded above complexes of quasi-coherent sheaves on X by the complex of C, (O x ) of completed 
Hochschild chains (after turning it into a cochain complex by inverting degrees). Recall from [Yj that 

m®n+l , 

C n (O x ) := Hm ^b— where J„ is the kernel of the product map O x n+1 ->• O x . Let C.(O x ) be the 
complex of sheaves of X associated to the complex of presheaves U h-> C,(r(J7, Ox)) (the Hochschild chain 
complex here being the naive algebraic one). One similarly defines C^ ed (O x ) using reduced Hochschild 
chains. There are natural maps C T , ed (Ox) ^— C,(O x ) — > C,(O x ) of complexes of sheaves on X which are 
quasiisomorphisms. In the following section, when thinking of the complex of Hochschild chains on X, we 
shall be thinking of C^ ed (O x ) (which has the same hypercohomology as C,(O x )). 

3. The Euler class of O x . 

It remains to show that eu(O x ) = Td(Tx)- The original intrinsic computation for this from [Marl] 
(sec [RamlJ for details) is very lengthy and involved. Further, its connections to deformation quantization 
and related £11 CtiS £1X6 not clear. Another, more recent proof due to |Griv] uses deformation to the normal 
cone. We now sketch our new approach to this question. Let T> x denote the sheaf of (algebraic) differential 
operators on X. Recall that the Hochschild-Kostant-Rosenberg quasiisomorphism on Hochschild chains 
induces an isomorphism Ihkr '■ HC(] er (O x ) — > n^=-oo H 2p (X an , C). On the other hand, a construction 
very similar to the trace density construction of Engeli-Felder on Hochschild chains induces an isomorphism 
X : RCl er (V X an) -> UT=-oo R2n ~ 2p ( xan ^ C ) ( see [EnFe] - [PPT] and [Willj ). Further, one has a natural map 
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(— ) an : HCg 6T (I?x) ~~ > HCg 6T (T>x an ) 5 - The natural homomorphism Ox — > T^x of sheaves of algebras on X 
induces maps on Hochschild as well as negative cyclic and periodic cyclic homologies. These maps shall 
be denoted by i. The following proposition is closely related to a Theorem in |BNTj (also see |BNTlj and 
[BNT2] ). 

Proposition 3. The following diagram commutes. 

BC p er (O x ) ► RC p er (V x *n) 

(-) a ™ot 



n 



oo 

p=— oo 



H 2 P(X ar V 



(— ATd(Ty)) noo 

1 lp=— oo 



Jj2n— 2p^j£an { 



Note that for any sheaf of algebras A on X, one has natural maps HC (A) — > HCg 6r (^l) and HC („4) — >• 
BR Q (A). Also recall that one has a natural projection R 2p (X an ,C) H p > p (X an , C) for all p. We omit the 
proof of the following proposition. 

Proposition 4. The following diagrams commute, 
(a) 

RC (O x ) ri7=-ooH 2p (X a «,C) 



(b) 



HHo(Ox) ® p H: p ' p (X an ,C) 



HCo(Px-) n"=-ooH 2n - 2p (X-\C) 



H 2n (X an ,C) 



(c) 



HC -(O x ) — ► HCq (Px°r. 



HH (O 



(-) an ot 



Proposition 5. The following diagram commutes. 

HHo(Ox) 



(-) an OL 



(-ATd(T x ))a n 

Proof. We note that the natural map HCq (Ox) — > HHo(Ox) is surjective. Indeed, after applying Ihkr, 
we are reduced to verifying that H p (A",Ker(d : Q, p x -> -4 H p (X,f^) is surjective. By Serre's GAGA, 

it suffices to verify that R p (X an ,Ker(d : Q p Xan -> tt p + a l) -»• H p (X an ,^ on ) is surjective. This follows from 
the fact that any closed (p,p)-form defines an element of W (X an ,K.ev(d : Vi p Xan — > 0^t„) as well. 

Hence, any y G HHo(Ox) lifts to an element y E HCq~(0x)- For notational brevity, we denote % (— ) a ™ 
by x for the rest of this proof. Now, x° L {y) = (x ot (y))2n by Proposition parts (b) and (c). Further, (x° 
t(y))2n = (Ihkr(v) ATd(Tx))2n by Proposition Finally, {Ihkr{v) ATd(rx))2n = (Ihkr(v) ATd(Tx))2n 
by Proposition 3, part (a) and the fact that Td(T x ) G e p H p ' p (X a ™, C). 

□ 



^Indeed, if / : X an X is the canonical map, one has a natural map / 1 (CC v , er (T>x)) — > CC v , er {Dx arl ) of complexes of 
sheaves on X a ", and hence in the derived category D(Shc(X a ™)) of sheaves of C-vector spaces on X a ". By adjunction, one gets 
a natural map CC p . er {V x ) Rf*(CC p . er (T>x »»)), to which we apply Jir(X, -). i?/* and RF are extend to D(Sh c (X a ")) and 
D(Shc(X)) respectively since /, and V(X,—) have finite cohomological dimension. 
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The following proposition is a crucial point in this note. 



Proposition 6. The following diagram commutes. 



HHo(Ox) — H°(Y,A ! A*u, x ) 



(-) an Oi 



{IhkR (— ))2n 



Proof. Let 7r : X — > pi be the natural projection. The object O x of Perf(Oxxpt) induces a morphism 
7T* : Perf(Ox) — > Perf(pt) in the homotopy category Ho(d(7 — cat) of DG-categories modulo quasiequivalences 
(see Section 8 of [Tj). The notation 7T* is justified by the fact that the functor from D(Perf(X)) to D(Perf(pi)) 
induced by 7T* is indeed the derved pushforward 7r*. This induces a map 7T* : HHo(Ox) — > HHo(Opi) = C 
wich coincides with the pushforward on Hochschild homologies from [KS] (see Theorem 5 of [Ram3]). On 
the other hand, one has vr* : ® p W> p (X an ,C) -> H°(pt,C) = C, which coincides with f Xan . By the proof 

of Proposition 5.2.3 of [KSj . Ihkr D commutes with 7r*. On the other hand, let Perf(2?x) denote the 
DG-category of perfect complexes of (right) Dx-mo-dules that are quasi-coherent as Ox-modules. One has 
a map tv® : Perf(£>x) — > Perf(pi) in Ho(dg — cat). The functor incuced by 7nP on derived categories maps 
M G D(Perf(X>x)) to tt* (M an <8fe xm 0x»») 6 . By Section 8 of [TJ, vrf induces a map vrf : HH (Perf(£> x )) -> 
HHo(pt) — C on Hochschild homologies. By Proposition [7] at the end of this section, the composite map 

(4) HH.(Perf(D x )) -> HH.(P X ) ( 4 RR.(V X an) 

is an isomorphism (the first map in the above composition is the trace map from Section 4 of [K]). tt^ 
therefore, induces a C-linear functional on HHo(f x an ), which we shall continue to denote by tt^ . It follows 
from [EnFe) and jRam2] that 

vrf = / o X : HH Q (P X -) -► C. 



Since JVan : H 2n (X an ,C) — > C is an isomorphism, the required proposition follows once we check that 
7T* = tt? ° (— ) an o i. This follows from the fact that the diagram 

HHo(Ox) HHo(Px) 



HH (Perf(O x )) ( ) ^° x ' Dx ) HH (Perf(P x )) 
(the left vertical arrows being the trace isomorphism from Section 4 of [K] and the right vertical arrow being 
the composite map commutes as well as the observation that for E G D(Perf(0x)), 

Trfi(E) = 7T*((E ®o x V x ) an ®% xan Xan ) = n*E an 
(recall that n*E = ir*E an in D (Perf (pt)) by Serre's GAGA). □ 
By Propositions O and O 

(Ihkr(o) A t(1)) 2 „ = (I H K R (a) A Td(r x )) 2n 

for all a G HHo(Ox)- Hence, eu(O x ) = t(1) = Td(Tx). To complete the proof of Proposition 5, we sketch 
the proof of the following proposition. 

Proposition 7. HH.(Perf(2?x)) — HH.(Dx an )- This isomorphism is realized by the composite map (j3|). 

Proof. One has to verify that the arguments of B. Keller in Section 5 of [K] go through when O x is replaced 
by T> x . The crucial part here is the analog of Theorem 5.5 of [K] (originally proven as Propositions 5.2.2-5.2.4 
of |TT| ) when O x is replaced by T> x . This is done in Propositions 3.3.1-3.3.3 of [DY] (which prove the analog 
of Theorem 5.5 of [K] in a much more general setting: in particular, when O x is replaced by 1Z X where 
TZ X is a sheaf of quasicoherent O x -algebras (possibly noncommutative)). Let Y be any quasi-compact, 



•'The latter is indeed in D(Perf(pt)): see [ScS] for instance. 
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quasi-separated scheme over C with V,W quasi-compact open subschemes of Y such that Y = V U W . 
Following the arguments of Sections 5.6 and 5.7 of [K], one obtains a morphism of Mayer- Vietoris sequences 

HHi(Perf(ZV)) ► HH i (Perf(P y ))eHH i (Perf(P H /)) ► HHi(Perf(D ynW )) > HHi_i(Perf(IV)) 

HHj (T?Y an ) ^ HHj(Uyan) © HHj(2?^yan) >■ HHj (2-Vy nw)"™ ) ^ HHj_i("Dyan) 

(for each i 6 Z). The vertical arrows in the above diagram are induced by the composite map As in 
Section 5.9 of [K], we may then reduce the proof of the desired proposition to proving the desired proposition 
when X is affine with trivial tangent bundle. For the rest of this proof, we assume that this is indeed the 
case. 

Since T>x — mod denote the Abelian category of (right) 2?x- m °dules are quasi-coherent Ox-modules. 
There is an equivalence of abelian categories between Dx — mod and T>x — mod, where Dx '■= T(X,T>x) 
(sec [DY], example 1.1.5). Hence, one has an equivalence of DG-categories between Perf(Dx) and Pevf(T>x) 
(this follows, for instance, from Lemma 2.2.1 of |DYj ). This equivalence induces an isomorphsm 

HH.(Perf(£>x)) ^ HH.(Perf(X»x))- Further, there is a natural map BB.,(D X ) -> HH.(£>x) such that the 
following diagram commutes. 

HH.(Perf(D x )) — HH.(Perf(P x )) 

RR.(D X ) > BH.(V X ) 

In the above diagram, the vertical arrows are trace maps from Section 4 of (Kj. For honest algebras, they 
yield isomorphisms. We are therefore, reduced to verifying that the composite map 

(5) HH. (D x ) -> HH. (V x ) ( ~-T HH. (V X an ) 

is an isomorphism. Let T> xan denote the Dolbeault resolution of the sheaf T>x an - This is a sheaf of DG- 
algebras on X. Let C 9 (V xan ) denote the complex of global sections of the complex of completed Hochschild 
chains on X (see [Rami], Section 3.3). There is a natural map of complexes C,(Dx) — > C,(T> xan ) inducing 
([5|) on homology. To prove that this is a quasi-isomorphism, we filter algebraic and holomorphic differential 
operators by order and consider the induced map on the i? 2 -terms of the spectral sequences from Section 
3.3 of Bryl], This turns out to be induced on homology by the natural map from the algebraic De-Rham 
complex (n 2n —(T*X),d%) to the Dolbeault complex (T(X an , fi^-' n ® 0xan n° x l n ),d + d) 7 . That this is 
a quasiisomorphism amounts to the assertion that natural map from the algebraic De-Rham complex of X 
to the smooth De-Rham complex of X an is a quasiisomorphism (see [Grothj ). 

□ 

4. A proof of Proposition [3l 
One notes that the following diagram commutes. 

HHo(Ox) HHo(Ox«») 

I i 

( ^ an 

HHq(Px) - L - L -»- HHo(Px-) 



Here, Qt*x^ is the complex of sheaves on X an whose sections on each open subset U of X an are holomorphic forms 
on T*U that are algebraic along the fibres of the projection T*U —> U. d is the (holomorphic) De-Rham differential on this 
complex. 
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To prove Proposition^ it therefore, suffices to show that the following diagram commutes (where Y := X an ). 



Hcncv) 



HCg er (2V) 



(6) 



n 



oo 

p=— oo 



Ihkr 

H*(y,c) ±^ T > !1 



> n P °°=-ooH 2 "- 2p (yc) 



In other words, we now work with a complex manifold rather than an algebraic variety. Recall that there 
is a deformation quantization A^»y °- CT*y[[^]] such that tt~ 1 T>y Ay*y[ft _1 ] and Ay*y[^ -1 ] is flat over 
ir~ 1 T>Y- Here, ir : T*Y — > Y is the canonical projection. 

In this situation, one has a natural map 7r _1 : HCo er (XV) — > HCg er (A^,y [/i -1 ]). Indeed, if U := {Ui} 
is a good open cover of Y, one has a natural map of complexes between the periodic cyclic-Cech complex 
C v (U,CC per {V Y )) and C V (V, CC p . er (A^ Y [/i" 1 ])) where V := {vr" 1 ^)}. Similarly, one has a natural map 
7T _1 : HCQ 6r (Oy) — > HCQ er (Ay»y). Further, one has a trace density map xffs ■ HCQ er (A|,*y [h^ 1 ]) — >• 
n p H 2n ~ 2p (T*y,C)((/i)) (see |ENTj . [EnFe] . [FFS] . [Wffl] ) . Note that we can compose xffs with the natural 

map (3 : HCQ er (A^*y) — > HCQ er (A^*y [ft -1 ]). We shall abuse notation to denote xffs ° ft by xffs- Let 
i : Y —> T*Y denote inclusion as the zero section. The following proposition is clear. 



Proposition 8. The diagram 



Hcnzy) 



n p H 2 ^(y,c)((^)) 



HcnAf.yr 1 ]) 



Xffs 



n p H 2n -2f(T*y,c)((/i)) 



commutes. Further, i* o vr* = id on ]T p H 2n ~ 2p (Y, C)((ft)). 

One has a "principal symbol" homomorphism a : A^.y 
(see also [BNT1] and [BNT2 ]). 



Theorem 2. The following diagram commutes. 

Hcr er (A^ Y ) 

Xffs 



Ot*y '■ The following theorem is from |BNT] 
H<% er {0 T * Y ) 

Ihkr 



UH 2n - 2p (T*Y,C)((H)) 



(-)Utt* Td(T Y ) 



UpI fP {T *Y,Cm)) 



Proposition 9. The following diagrams commute. 

HC{r(0y) - 



EC P er (O T * Y ) ir 



-» HCg er (A^y) 



id 



HCTCCV) 



HCr(A^y) 

Hcncv) - 

Ihkr 

n H 2 f(y,c) - 



Hcr(^y) 



-* HCg er (A^,. y [^- 1 ]) 

HC^(0 T »y) 

n p H 2 *(T*y,c)((ft)) 



Denote the bottom arrow in the diagram of equation by 6 (after extending scalars to C((/t)) in the 
codomain). Since Irkr '■ HCQ 6r (0y) — > Y[ „H 2p (Y, C) is an isomorphism, Propositions 18191 and Theorem [2] 
together imply that 

0(a) = i*{TT*(a) U 7r*(Td(Ty))) = i*vr*(a U Td(Ty)) = a U Td(Ty). 
This proves Proposition 
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